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Dey, Ghosh, and Srinivasan [3] $X_{1},$ $X_{2},$ $\ldots,$ $X_{p}$ $X_{i}(i=$




$\hat{\beta}$ $p=2$ $\min(\alpha_{1}, \alpha_{2})>4$
$\hat{\beta}$ $p\geq 3$ $\hat{\beta}$
Ghosh and Sinha [4] 1 2
Obayashi, Tanaka and Takagi [5] $p(\geq 2)$
2 2
Takagi[6]
(1 ) ( MLE), (LMLE),
(IMLE) 2 2










$(\theta_{1}, \theta_{2})’\in \mathbb{R}^{2}$ $P_{\theta}$ $\sigma$- $f(x, \theta)$





$\lambda_{\max}(\theta)$ $\lambda_{\min}(\theta)$ $I(\theta)$ tr$\{A\}$ $|A|$
$A$ $f(\theta)$ $(d/d\theta)f(\theta)$ $:=$
$((\partial/\partial\theta_{1})f(\theta), (\partial/\partial\theta_{2})f(\theta), \ldots, (\partial/\partial\theta_{p})f(\theta))’,$ $(d/d\theta’)f(\theta)$ $:=((d/d\theta)f(\theta))’$
Ghosh and Sinha [4] 2
$\mathcal{D}$ $\theta$ 1
(I) (i), (ii) $\hat{\theta}^{*}(\in \mathcal{D})$ $narrow\infty$ $\hat{\theta}(\in \mathcal{D})$ $\mathcal{D}$
2
(i) $\theta\in \mathbb{R}^{2}$ $\lim_{narrow\infty}n^{2}\{R(\theta,\hat{\theta}^{*})-R(\theta,\hat{\theta})\}\leq 0.$
(ii) $\theta_{0}\in \mathbb{R}^{2}$ $hm_{narrow\infty}n^{2}\{R(\theta_{0},\hat{\theta}^{*})-R(\theta_{0},\hat{\theta})\}<0.$
(II) $narrow\infty$ $\hat{\theta}(\in \mathcal{D})$ $\mathcal{D}$ 2 $narrow\infty$ $\hat{\theta}$
$\mathcal{D}$ 2






2 $narrow\infty$ $\mathcal{D}$ 2
$b_{c}(\theta)$
$\hat{\theta}_{c}$ $b_{c}( \theta):=\lim_{narrow\infty}nE_{\theta}[\hat{\theta}_{c}-\theta]=$
$b_{ML}(\theta)+c(\theta)$ $\hat{\theta}_{c}$ $\hat{\theta}_{d}(\in \mathcal{D})$ $narrow\infty$
$R( \theta,\hat{\theta}_{d})-R(\theta,\hat{\theta}_{c})=\frac{1}{n^{2}}$ tr $\{g(\theta)g’(\theta)I(\theta)+2b_{c}(\theta)g’(\theta)I(\theta)+2\frac{d}{d\theta’}g(\theta)\}+o(\frac{1}{n^{2}})$
$g(\theta):=d(\theta)-c(\theta)$ MLE $\hat{\theta}_{c}$ 2
$\theta\in \mathbb{R}^{2}$
tr $\{g(\theta)g’(\theta)I(\theta)+2b_{c}(\theta)g’(\theta)I(\theta)+2\frac{d}{d\theta}g(\theta)\}\leq 0$ (2.1)
$g\in C^{1}(\mathbb{R}^{2})$ $g(\theta)=0$






$\theta=r\omega_{\xi}$ $r>0,$ $\omega_{\xi}:=(\cos\xi, \sin\xi),$ $\xi\in[0,2\pi)$












(IMLE) Zaigraev and Podraza-Karakulska
[9] MLE IMLE
$X_{1},$ $X_{2},$
$\ldots$ , $X_{p}$ Gam$(\alpha, \beta)$
$h(\alpha)$ $:=\log\alpha-\psi(\alpha)$ MLE
$(\alpha$ $)$ $= \log\overline{x}-\frac{1}{n}\sum_{i=1}^{n}\log$
$\overline{x}:=\frac{1}{n}\sum_{i=1}^{n}x_{i}$ IMLE $\ovalbox{\tt\small REJECT}$
$h( \alpha)-h(n\alpha)=\log\overline{x}-\frac{1}{n}\sum_{i=1}^{n}\log x_{i}$
















$n)$ $X_{i}=(X_{i1}, X_{i2})’$ $X_{ij}$ $Gam(\alpha j, \beta_{j})$
$X_{i}$
$f(x_{i}: \alpha, \beta)=\prod_{j=1}^{2}\{\frac{1}{\Gamma(\alpha_{j})\beta_{j}^{\alpha_{j}}}x_{ij}^{\alpha_{j}-1}\exp(-\frac{x_{ij}}{\beta_{j}})\} (x_{ij}>0)$
$\alpha:=(\alpha_{1}, \alpha_{2})’(\in \mathbb{R}_{+}^{2})$ $\beta:=(\beta_{1}, \beta_{2})’(\in \mathbb{R}_{+}^{2})$
Gam$(\alpha j, \beta j)$
$\beta_{j}$ $\eta jj$ $X_{i}$
$f(x_{i}: \alpha, \eta)=\prod_{j=1}^{2}\{\frac{\alpha_{j^{\alpha_{j}}}}{\Gamma(\alpha_{j})\eta_{j}^{\alpha_{j}}}x_{ij}^{\alpha_{j}-1}\exp(-\frac{\alpha_{j^{X}ij}}{\eta_{j}})\}$
$I(\theta)=(\psi’(\alpha_{1})-1/\alpha_{1}0 \psi’(\alpha_{2})-1/\alpha_{2} \alpha_{1}/\eta_{1}^{2} \alpha_{2}/\eta_{2}^{2})$
$0$
$\theta:=(\alpha_{1}, \alpha_{2}, \eta_{1}, \eta_{2})’(\in \mathbb{R}_{+}^{4})$ $\psi(\alpha)$ $:=\Gamma’(\alpha)/\Gamma(\alpha)$
$I^{*}(\alpha):=(\begin{array}{ll}\psi’(\alpha_{1})-1/\alpha_{1} 00 \psi’(\alpha_{2})-1/\alpha_{2}\end{array})$
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$R( \theta,\hat{\alpha}_{d})-R(\theta,\hat{\alpha}_{c})=\frac{1}{n^{2}}$ tr $[g( \theta)g’(\theta)I^{*}(\alpha)+2b_{c}(\theta)g’(\theta)I^{*}(\alpha)+2\frac{d}{d\alpha’}g(\theta)]+o(\frac{1}{n^{2}})$
MLE $\hat{\alpha}_{c}$ 2 $\theta\in \mathbb{R}_{+}^{4}$
tr $[g( \theta)g’(\theta)I^{*}(\alpha)+2b_{c}(\theta)g’(\theta)I^{*}(\alpha)+2\frac{d}{d\alpha}g(\theta)]\leq 0$ (4.1)
$g\in C^{1}(\mathbb{R}_{+}^{4})$ $g(\theta)=0$






$\alpha:=(\begin{array}{l}e^{s_{1}}e^{s_{2}}\end{array}),\tilde{I}(s);=(\begin{array}{ll}e^{s_{1}} 00 e^{s_{2}}\end{array})I^{*}(e^{s_{1}}, e^{s_{2}})(\begin{array}{ll}e^{s_{1}} 00 e^{s_{2}}\end{array}),$
$\tilde{g}(s, \eta);=(\begin{array}{ll}e^{-s_{1}} 00 e^{-s_{2}}\end{array})g(e^{s_{1}}, e^{s_{2}}, \eta),\tilde{b}_{c}(s, \eta):=(\begin{array}{ll}e^{-s_{1}} 00 e^{-s_{2}}\end{array})b_{c}(e^{s_{1}}, e^{S2}, \eta)+\tilde{I}^{-1}(s)(\begin{array}{l}l1\end{array}).$
(4.1) $s:=(s_{1}, s_{2})\in \mathbb{R}^{2},$ $\eta\in \mathbb{R}_{+}^{2}$
tr $[ \tilde{g}(s, \eta)\tilde{g}’(s, \eta)\tilde{I}(s)+2\tilde{b}_{c}(s, \eta)\tilde{g}’(s, \eta)\tilde{I}(s)+2\frac{d}{ds’}\tilde{g}(s, \eta)]\leq 0$
1 2 3 4
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3 MLE $\hat{\alpha}_{c_{0}}$ (A2) $\xi_{0}\in[0,2\pi)$ $s\in \mathbb{R}^{2}$
$H(s, \eta):=\int_{0}^{\infty}[\frac{\tilde{\lambda}_{\max}(z)}{\tilde{\pi}_{c_{0}}(z,\eta)}]_{z=s+r\omega_{0}}dr<\infty$




$\frac{\partial}{\partial s_{i}}H(\theta)=\int_{0}^{\infty}\frac{\partial}{\partial s_{i}}[\frac{\tilde{\lambda}_{\max}(z)}{\tilde{\pi}_{c_{0}}(z,\eta)}]_{z=s+r\omega 0}dr(i=1,2)$
$\hat{\alpha}_{c_{0}}$ 2





$\alpha$ $\hat{\alpha}_{LML}$ $\alpha$ IML $\hat{\alpha}_{LI}$
$\hat{\alpha}$
LML $=$ $\hat{\alpha}ML+\frac{1}{n}\{(\begin{array}{ll}a_{1} 00 a_{2}\end{array}) \hat{\alpha}ML+(\begin{array}{l}b_{1}b_{2}\end{array})\},$




$X_{n}$ $f(x, \theta)$ $\theta:=$




$Z_{k}( \theta):=\frac{1}{\sqrt{n}}\sum_{i=1}^{n}\frac{\partial}{\partial\theta_{k}}\log f(X_{i}:\theta),$ $Z_{kl}( \theta):=\frac{1}{\sqrt{n}}\sum_{i=1}^{n}\{\frac{\partial^{2}}{\partial\theta_{k}\partial\theta_{l}}\log f(X_{i}:\theta)+I_{*kl}(\theta)\},$
$\rho_{klm}(\theta):=J_{kl,m}(\theta)+J_{km,l}(\theta)+J_{lm,k}(\theta)+K_{klm}(\theta)$,
$U( \theta):=(\sum_{l=1}^{2}I_{*}^{kl}(\theta)Z_{l}(\theta))_{k=1,2},$ $V( \theta);=(\sum_{l=1}^{2}\sum_{m=1}^{2}\rho_{klm}(\theta)U_{l}(\theta)U_{m}(\theta))_{k=1,2}$
$W( \theta):=(\sum_{l=1}^{2}U_{l}(\theta)Z_{lk}(\theta))_{k=1,2}$
$I_{*}(\theta)$ $X_{i}$ $I_{*}^{kl}(\theta)$ $I_{*}^{-1}(\theta)$ $(k, l)$
$E_{\theta}[Z_{k}(\theta)]=0,$ $E_{\theta}[Z_{k}(\theta)Z_{l}(\theta)]=I_{*kl}(\theta),$ $E_{\theta}[Z_{k}(\theta)Z_{kl}(\theta)]=J_{lm,k}(\theta)$ ,
$E_{\theta}[U_{k}(\theta)]=0,$ $E_{\theta}[U_{l}(\theta)U_{m}(\theta)]=I_{*}^{\iota_{m}}(\theta)$ ,




$\hat{\alpha}_{LML},\hat{\alpha}LI$ $b_{LML}(\alpha),$ $b_{LI}(\alpha)$ $X_{1}$
$X_{2}$ 1 $X_{1},$ $X_{2},$ $\ldots,$ $X_{n}$
Gam$(\alpha, \eta/\alpha)$ $\hat{\alpha}_{LML}$ $\hat{\alpha}_{LI}$
$J_{kl,m}( \theta) ;= E_{\theta}[\{\frac{\partial^{2}}{\partial\theta_{k}\partial\theta_{l}}\log f(X:\theta)\}\{\frac{\partial}{\partial\theta_{m}}\log f(X:\theta)\}],$
$K_{klm}( \theta) := E_{\theta}[\{\frac{\partial}{\partial\theta_{k}}\log f(X:\theta)\}\{\frac{\partial}{\partial\theta_{l}}\log f(X:\theta)\}\{\frac{\partial}{\partial\theta_{m}}\log f(X:\theta)\}]$
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$J_{11,1}(\theta) = J_{11,2}(\theta)=J_{12,1}(\theta)=J_{21,1}(\theta)=J_{22,1}(\theta)=0,$
$J_{12,2}( \theta) = J_{21,2}(\theta)=\frac{1}{\eta^{2}}, J_{22,2}(\theta)=-\frac{2\alpha}{\eta^{3}},$
$K_{111}( \theta) = \psi"(\alpha)+\frac{1}{\alpha^{2}}, K_{112}(\theta)=K_{121}(\theta)=K_{211}(\theta)=0,$





$b_{ML}( \alpha)=-\frac{1}{2}(\begin{array}{ll}\frac{I_{11}^{*’}(\alpha)}{I_{11}^{*2}(\alpha)}- \frac{1}{\alpha_{1}I_{11}^{*}(\alpha)}\frac{I_{22}^{*}(\alpha)}{I_{22}^{*2}(\alpha)}- \frac{1}{\alpha_{2}I_{22}^{*}(\alpha)}\end{array})$
$\hat{\alpha}_{LML},\hat{\alpha}_{LI}$ $b_{LML}(\alpha),$ $b_{LI}(\alpha)$
$b_{LML}(\alpha)$ $=$ $E_{\alpha}(\hat{\alpha}_{LML}-\alpha)$
$= E_{\alpha}(\hat{\alpha}_{ML}-\alpha)+(\begin{array}{ll}a_{1} 00 a_{2}\end{array})E_{\alpha}(\hat{\alpha}ML)+(\begin{array}{l}b_{1}b_{2}\end{array})$
$= b_{ML}(\alpha)+(\begin{array}{ll}a_{1} 00 a_{2}\end{array})\alpha+(\begin{array}{l}b_{1}b_{2}\end{array})$
$= I^{*-1}( \alpha)\frac{d}{d\alpha}\log\prod_{j=1}^{2}\frac{\exp\{(a_{j}\alpha_{j}+b_{j})\psi(\alpha_{j})-a_{j}\alpha_{j}\}}{\alpha_{J}^{b_{j}-1/2}\prime\Gamma^{a_{j}}(\alpha_{j})\sqrt{\psi’(\alpha_{j})-1/\alpha_{j}}},$
$b_{LI}(\alpha)$ $=$ $E_{\alpha}(\hat{\alpha}_{LI}-\alpha)$
$= E_{\alpha}( \hat{\alpha}_{ML}-\alpha)+\frac{1}{2}(E_{\alpha 2}E_{\alpha_{1}}(\frac{}{}(\frac{1}{\alpha_{ML2}h^{1}(\alpha_{ML2})\alpha_{ML1}h’(\alpha_{ML1})}))+(\begin{array}{ll}a_{1} 00 a_{2}\end{array})E_{\alpha}( \hat{\alpha}_{ML})+(\begin{array}{l}b_{1}b_{2}\end{array})$




$\pi LML(\alpha) = \prod_{j=1}^{2}\frac{\exp\{(a_{j}\alpha_{j}+b_{j})\psi(\alpha_{j})-a_{j}\alpha_{j}\}}{\alpha_{j}^{b_{j}-1/2}\Gamma^{a_{j}}(\alpha_{j})\sqrt{\psi(\alpha_{j})-1/\alpha_{j}}}$ , (4.3)




(i) $\Gamma(\alpha)=\{\begin{array}{ll}\sqrt{2\pi}\alpha^{\alpha-1/2}e^{-\alpha}(1+o(1)) (\alphaarrow\infty) ,\frac{1}{\alpha}+o(\frac{1}{\alpha}) (\alphaarrow 0) .\end{array}$
(ii) $\psi(\alpha)=\{\begin{array}{ll}\log\alpha-\frac{1}{2\alpha}+o(\frac{1}{\alpha}) (\alphaarrow\infty) ,-\frac{1}{\alpha}-\gamma_{0}+o(1) (\alphaarrow 0) .\end{array}$
(iii) $\psi’(\alpha)=\{\begin{array}{ll}\frac{1}{\alpha}+\frac{1}{2\alpha^{2}}+o(\frac{1}{\alpha^{2}}) (\alphaarrow\infty) ,\frac{1}{\alpha^{2}}+\frac{\pi^{2}}{6}+o(1) (\alphaarrow 0) .\end{array}$
$\gamma_{0}(=0.57721\ldots)$




(i) $\pi_{LMLj}(\alpha_{j})=\{\begin{array}{ll}2^{1/2} -\alpha^{(.a_{J}+3)/2}(1+o(1)) (\alpha_{j}arrow\infty) ,(2\pi e)^{a_{j}/2} \mathcal{J} e^{-a_{j}-b_{g}\gamma 0}\alpha_{j}^{a_{j}-b_{j}+3/2}e^{-b_{j/\alpha_{j}}}(1+o(1)) (\alpha_{j}arrow 0) .\end{array}$
1
5, 6,













(V) $b_{1}=0$ $a_{1}+ \frac{5}{2}<0,$
(VI) $b_{1}+b_{2}=0$ $a_{1}+a_{2}+5<0,$





$=\{\begin{array}{ll}K_{1}\exp[-(\frac{a_{1}+5}{2}\cos\xi_{0}+\frac{a_{2}+5}{2}\sin\xi_{0})r](1+o(1)) (0\leq\xi_{0}\leq\frac{\pi}{2}) ,K_{2}\exp[-\{(a_{1}-b_{1}+\frac{5}{2})\cos\xi_{0}+\frac{a_{2}+5}{2}\sin\xi_{0}\}r+b_{1}\exp(-s_{1}-r\cos\xi_{0})](1+o(1)) (\frac{\pi}{2}\leq\xi_{0}\leq\pi) ,K_{3}\exp[-\{(a_{1}-b_{1}+\frac{5}{2})\cos\xi_{0}+(a_{2}-b_{2}+\frac{5}{2})\sin\xi_{0}\}r +b_{1}\exp(-s_{1}-r\cos\xi_{0})+b_{2}\exp(-s_{2}-r\sin\xi_{0})](1+o(1)) (\pi\leq\xi_{0}\leq\frac{3\pi}{2}) ,K_{4}\exp[-\{\frac{a_{1}+5}{2}\cos\xi_{0}+(a_{2}-b_{2}+\frac{5}{2})\sin\xi_{0}\}r+b_{2}\exp(-s_{2}-r\sin\xi_{0})](1+o(1)) (\frac{3\pi}{2}\leq\xi_{0}\leq 2\pi)\end{array}$




















(ii) $b_{1}=0$ $a_{1}+ \frac{5}{2}\geq 0$ $a_{2}+5>0,$






(ii) $b_{1}=0$ $a_{2}+5>0$ $2a_{1}-a_{2}<0,$





(ii) $b_{1}=0$ $a_{1}+ \frac{5}{2}<0.$
(i) $b_{1}<0,$
(ii) $b_{1}=0$ $b_{2}<0,$
(iii) $b_{1}=b_{2}=0$ $a_{2}+ \frac{5}{2}\geq 0$ $a_{1}+ \frac{5}{2}<0,$







$($ iii $)$ $b_{1}=b_{2}=0\hslash>$ $a_{1}+ \frac{5}{2}\geq 0\hslash)$ $a2+ \frac{5}{2}<0,$
(iv) $b_{1}=b_{2}=0$ $a_{1}+ \frac{5}{2}<0$ $a_{1}+a_{2}+5<0.$
(XIII) $\xi_{0}=\frac{3}{2}\pi$
(i) $b_{2}<0,$
(ii) $b_{2}=0$ $a_{2}+ \frac{5}{2}<0.$
(XIV) $\frac{3}{2}\pi<\xi_{0}<\frac{7}{4}\pi$
(i) $b_{2}<0,$
(ii) $b_{2}=0$ $a_{1}+5>0$ $-a_{1}+2a_{2}<0,$






(ii) $b_{2}=0$ $a_{2}+ \frac{5}{2}\geq 0$ $a_{1}+5>0,$






(i) $B>0$ $A+B\leq 0,$
$\Leftrightarrow$
(ii) $B\leq 0$ $A\leq 0.$
(II) $\lim_{rarrow\infty}\int_{\pi/4}^{\pi/2}\exp\{(A\cos\xi+B\sin\xi)r\}d\xi<\infty$
(i) $A>0$ $A+B\leq 0,$
$\Leftrightarrow$
(ii) $A\leq 0$ $B\leq 0.$
(III) $\lim_{rarrow\infty}\int_{\pi/2}^{3\pi/4}\exp\{(A\cos\xi+B\sin\xi)r+C\exp(-r\cos\xi)\}d\xi<\infty$
(i) $C<0$ $B\leq 0,$
$\Leftrightarrow$ (ii) $C=0$ $A\geq 0$ $B\leq 0,$
$($ iii $)$ $c=0t\}^{1}$ $A<0\hslash\rangle$ $B-A\leq 0$
(IV) $\lim_{rarrow\infty}\int_{3\pi/4}^{\pi}\exp\{(A\cos\xi+B\sin\xi)r+C\exp(-r\cos\xi)\}d\xi<\infty$
(i) $C<0,$
$\Leftrightarrow$ (ii) $C=0$ $B>0$ $A-B\geq 0,$
$($ iii $)$ $c=0j!|^{1}$ $B\leq 0\hslash>$ $A\geq 0$
(V) $\lim_{rarrow\infty}\int_{\pi}^{5\pi/4}\exp\{(A\cos\xi+B\sin\xi)r+C\exp(-r\cos\xi)+D\exp(-r\sin\xi)\}d\xi<\infty$
(i) $C<0$ $D<0,$
(ii) $C<0$ $D>0$ $C+D<0,$
(iii) $D=0$ $C<0,$
$\Leftrightarrow$
(iv) $C=0$ $D<0$ $A\geq 0,$
(v) $C=D=0$ $B\geq 0$ $A\geq 0,$
(vi) $C=D=0$ $B<0$ $A+B\geq 0.$
(VI) $\lim_{rarrow\infty}\int_{5\pi/4}^{3\pi/2}\exp\{(A\cos\xi+B\sin\xi)r+C\exp(-r\cos\xi)+D\exp(-r\sin\xi)\}d\xi<\infty$
(i) $C<0$ $D<0,$
(ii) $C>0$ $D<0$ $C+D<0,$
(iii) $C=0$ $D<0,$
$\Leftrightarrow$
(iv) $D=0$ $C<0$ $B\geq 0,$
(v) $C=D=0$ $A\geq 0$ $B\geq 0,$




$\Leftrightarrow$ (ii) $D=0$ $A>0$ $B-A\geq 0,$
$($ iii $)$ $D=0$ fo $A\leq 0\hslash 1$ $B\geq 0.$
(VIII) $\lim_{rarrow\infty}\int_{7\pi/4}^{2\pi}\exp\{(A\cos\xi+B\sin\xi)r+D\exp(-r\sin\xi)\}d\xi<\infty$
(i) $D<0$ $A\leq 0,$
$\Leftrightarrow$ (ii) $D=0$ $B\geq 0$ $A\leq 0,$






(ii) $C<0$ $D>0$ $C+D>0$
$\kappa_{r}(\xi) :=C\exp(-r\cos\xi)+D\exp(-r\sin\xi)$
$\kappa_{r}’(\xi)$ $=$ $Cr\sin\xi\exp(-r\cos\xi)-Dr\cos\xi\exp(-r\sin\xi)$












































































$\frac{A}{B}\geq 0\Leftrightarrow A\geq 0$
$B=0$







$C+D=0$ $I_{r}$ 5 6
6 2




$=\{\begin{array}{ll}L_{1}\exp[(\frac{a_{1}+5}{2}\cos\xi+\frac{a_{2}+5}{2}\sin\xi)r](1+o(1)) (0<\xi<\frac{\pi}{2}) ,L_{2}\exp[\{(a_{1}-b_{1}+\frac{5}{2})\cos\xi+\frac{a_{2}+5}{2}\sin\xi\}r-b_{1}\exp(-r\cos\xi)](1+o(1)) (\frac{\pi}{2}<\xi<\pi) ,L_{3}\exp[\{(a_{1}-b_{1}+\frac{5}{2})\cos\xi+(a_{2}-b_{2}+\frac{5}{2})\sin\xi\}r -b_{1}\exp(-r\cos\xi)-b_{2}\exp(-r\sin\xi)](1+o(1)) (\pi<\xi<\frac{3\pi}{2}) ,L_{4}\exp[\{\frac{a_{1}+5}{2}\cos\xi+(a_{2}-b_{2}+\frac{5}{2})\sin\xi\}r-b_{2}\exp(-r\sin\xi)](1+o(1)) (\frac{3\pi}{2}<\xi<2\pi)\end{array}$










(i) $a_{2}+5>0$ $a_{1}+a_{2}+10\leq 0,$
$\Leftrightarrow$
(ii) $a_{2}+5\leq 0$ $a_{1}+5\leq 0$
(1) $\lim_{rarrow\infty}\tilde{\phi}_{LML1}(r)<\infty$
(i) $a_{2}+5>0$ $a_{1}+a_{2}+10\leq 0,$
$\Leftrightarrow$
(ii) $a_{2}+5\leq 0$ $a_{1}+5\leq 0.$
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(II) $\lim_{rarrow\infty}\tilde{\phi}_{LML2}(r)<\infty$
(i) $a_{1}+5>0$ $a_{1}+a_{2}+10\leq 0,$
$\Leftrightarrow$
(ii) $a_{1}+5\leq 0$ $a_{2}+5\leq 0.$
(III) $\lim_{rarrow\infty}\tilde{\phi}_{LML3}(r)<\infty$
(i) $b_{1}>0$ $a_{2}+5\leq 0,$
$\Leftrightarrow$ (ii) $b_{1}=0$ $a_{1}+ \frac{5}{2}\geq 0$ $a_{2}+5\leq 0,$
(iii) $b_{1}=0i!)>$ $a_{1}+ \frac{5}{2}<0$ rb $-2a_{1}+a_{2}\leq 0.$
(IV) $\lim_{rarrow\infty}\tilde{\phi}_{LML4}(r)<\infty$
(i) $b_{1}>0,$
$\Leftrightarrow$ $($ ii$)$ $b_{1}=0$ $a_{2}+5>0$ $>$ $2a_{1}-a_{2}\geq 0,$
(iii) $b_{1}=0$ $a_{2}+5\leq 0$ $a_{1}+ \frac{5}{2}\geq 0.$
(V) $\lim_{rarrow\infty}\tilde{\phi}_{LML5}(r)<\infty$
(i) $b_{1}>0$ $b_{2}>0,$
(ii) $b_{1}>0$ $b_{2}<0$ $b_{1}+b_{2}>0,$
(iii) $b_{2}=0$ $b_{1}>0,$
$\Leftrightarrow$
(iv) $b_{1}=0$ $b_{2}>0$ $a_{1}+ \frac{5}{2}\geq 0,$
(v) $b_{1}=b_{2}=0$ $a_{2}+ \frac{5}{2}\geq 0$ $a \iota+\frac{5}{2}\geq 0,$
(vi) $b_{1}=b_{2}=0$ $a_{2}+ \frac{5}{2}<0$ $a_{1}+a_{2}+5\geq 0.$
(VI) $\lim_{rarrow\infty}\tilde{\phi}_{LML6}(r)<\infty$
(i) $b_{1}>0$ $b_{2}>0,$
(ii) $b_{1}<0$ $b_{2}>0$ $b_{1}+b_{2}>0,$
(iii) $b_{1}=0$ $b_{2}>0,$
$\Leftrightarrow$
(iv) $b_{2}=0$ $b_{1}>0$ $a_{2}+ \frac{5}{2}\geq 0,$
(v) $b_{1}=b_{2}=0$ $a_{1}+ \frac{5}{2}\geq 0$ $a_{2}+ \frac{5}{2}\geq 0,$
(vi) $b_{1}=b_{2}=0$ $a_{1}+ \frac{5}{2}<0$ $a_{1}+a_{2}+5\geq 0.$
(VII) $\lim_{rarrow\infty}\tilde{\phi}_{LML7}(r)<\infty$
(i) $b_{2}>0,$
$\Leftrightarrow$ (ii) $b_{2}=0$ $a_{1}+ \frac{5}{2}>0$ $-a_{1}+2a_{2}\geq 0,$
$($ iii $)$ $b_{2}=0\hslash>$ $a_{1}+5\leq 0\hslash>$ $a2+ \frac{5}{2}\geq 0.$
(VIII) $\lim_{rarrow\infty}\tilde{\phi}_{LML8}(r)<\infty$
29
(i) $b_{2}>0$ $a_{1}+5\leq 0,$
$\Leftrightarrow$ (ii) $b_{2}=0$ $a_{2}+ \frac{5}{2}\geq 0$ $a_{1}+5\leq 0,$
$($ iii $)$ $b_{2}=0i\mathfrak{h}>$ $a_{2}+ \frac{5}{2}<0ii|>$ $a_{1}-2a_{2}\leq 0.$
$(I)\sim(VIII)$ 6 $\blacksquare$












$a_{1}+4\leq 0$ $a_{2}+4\leq 0$ $b_{1}>0$ $b_{2}>0.$
6 $\blacksquare$




$a_{1}+5\leq 0$ $a_{2}+5\leq 0$ $b_{1}>0$ $b_{2}>0.$
10 IML 2




$(a, b)$ 1 2
$b$ $b$
aa
1. 2 2. IML 2
$(a, b)$ $(a, b)$
1 $X_{1},$ $X_{2},$ $\ldots$ , $X_{n}$ $Gam(\alpha, \eta/\alpha)$
2 Takagi[6]
11 (Takagi [6]). 1









9 10 (4.4) 11 12
Zaigraev and Podraza-Karakulska [9] IML
9 10 IML
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